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Abstract. All nonlinear dispersive wave equations in the general class mt + f(u, ux)m +
(g(u, ux)m)x = 0 are known to possess multi-peakon weak solutions. A classification is
presented for families of multi-peakon equations in this class that possess conserved mo-
mentum; conserved H1 norm of u; conserved H2 norm of u; conserved L2 norm of m;
related conservation laws. The results yield, among others, two interesting wide families of
equations: mt+2uxh(u, ux)m+u(h(u, ux)m)x = 0 for which the H
1 norm of u is conserved;
mt − 12uxh′(u)m + (h(u)m)x = 0 for which the L2 norm of m is conserved. The overlap
of these two families yields a singular equation which is nevertheless found to possess both
smooth solitary wave solutions and peakon travelling wave solutions.
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1. Introduction
There has been a considerable amount of interest in the study of wave-breaking equations
belonging to the general class of nonlinear dispersive evolution equations given by
mt + f(u, ux)m+ (g(u, ux)m)x = 0, m = u− uxx (1)
for u(t, x). This class includes all examples of multi-peakon equations known in the literature,
particularly: b-family equation (f = (b − 1)ux, g = u) which contains both the Camassa–
Holm and Degasperis–Procesi equations (b = 2, 3); Novikov equation (f = uux, g = u
2);
the modified Camassa–Holm equation (f = 0, g = u2 − u2x); and their various nonlinear
generalizations [1, 2, 3, 4, 5, 6, 7]. In addition to possessing multi-peakon solutions, these
well-studied equations exhibit wave breaking in which certain smooth initial data yields
solutions whose gradient ux blows up in a finite time [8, 9, 10, 11, 12, 13].
Recent work [7] has shown that every equation in the whole class (1) (for any smooth
functions f(u, ux) and g(u, ux)) admits N -peakon weak solutions which consist of a linear
superposition of peaked travelling waves
u(t, x) =
N∑
i=1
ai(t) exp(−|x− xi(t)|), N = 1, 2, . . . (2)
1
having time-dependent amplitudes ai(t) and positions xi(t). In particular, neither a Hamil-
tonian structure nor an integrability structure are necessary for the existence of N -peakon
weak solutions for all N ≥ 1.
This interesting result raises the question of establishing a local well-posedness result, a
global existence result for strong solutions, and a peakon stability result for weak solutions,
which would apply to as wide of a subfamily of equations as possible in this class. For proving
such analytical results, it will be essential to use conserved norms and other conservation
laws that are admitted by these equations.
The present paper takes a first step by classifying families of nonlinear multi-peakon
equations, contained in the general class (1) with f, g 6= const., that possess: (i) conserved
momentum; (ii) conserved H1 norm; (iii) conserved H2 norm; (iv) related conservation laws.
This classification reveals two interesting families of equations: the first family is given by
f(u, ux) = −12uxh′(u), g(u, ux) = h(u), for which the L2 norm of m is conserved, where h(u)
is an arbitrary smooth function of u; the second family is given by f(u, ux) = uxh(u, ux),
g(u, ux) = uh(u, ux), for which the H
1 norm of u is conserved, where h(u, ux) is an arbitrary
smooth function of u and ux.
Several applications of the classification results are considered. One application is that
conservation of the L2 norm of m for strong solutions is shown to yield an upper bound on
the maximal amplitude and the maximal gradient of these solutions in terms of their initial
data. Another application is that conservation of both momentum and the H1 norm of u
is shown to imply the existence of a Hamiltonian structure and to rule out smooth solitary
wave solutions. A third application is that conservation of both the H1 norm of u and the L2
norm of m leads to a multi-peakon equation that is shown to possess smooth solitary wave
solutions as well as peakon solutions. This is the first such peakon equation ever identified.
In section 2, we discuss how to obtain conservation laws for multi-peakon equations in
the general class (1), by using a modification the general multiplier method [14, 15, 16]
combined with some tools from variational calculus [17, 16]. This modified approach can be
applied to other types of equations and should be of interest on its own because it yields
only those conservation laws having a specified form for the conserved integral rather than all
conservation laws with a general form for the multiplier. In section 3, the classification results
on f(u, ux) and g(u, ux) for each type of conservation law are derived, using some lemmas
which are provided in an appendix. The three applications of these classification results
are presented in section 4. Finally, some interesting examples of multi-peakon equations
possessing a conserved momentum, a conserved H1 norm, and a conserved H2 norm are
summarized in section 5, where we also make some concluding remarks.
2. Local conservation laws
We will consider the general class of multi-peakon equations (1) on an arbitrary spatial
domain Ω ⊆ R. In analysis, the domains most usually chosen are the whole line Ω = R,
with asymptotic decay conditions on u(t, x) for |x| → ∞; the half line Ω = R+, with either
Dirichlet or Neumann boundary condition on u(t, x) at x = 0; a closed interval Ω = [0, 1],
with periodic boundary conditions on u(t, x) at x = 0, 1. The specific choice of domain will
not play any role in finding local conservation laws.
A local conservation law for a multi-peakon equation (1) is a continuity equation
DtT +DxΦ = 0 (3)
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holding for all locally smooth solutions u(t, x) of the multi-peakon equation, with x ∈ Ω and
t ∈ [0, t0) for some t0 > 0, where T and Φ are differentiable functions that depend on t, x,
u, and derivatives of u. Here D denotes a total derivative (acting by the chain rule).
Integration of a local conservation law over the spatial domain Ω yields a global balance
equation d
dt
∫
Ω
T dx = −Φ∣∣
∂Ω
which holds for all solutions u(t, x) in a suitable function
space X on Ω. If the flux Φ
∣∣
∂Ω
vanishes after any asymptotic decay conditions or boundary
conditions for solutions u ∈ X are taken into account, then the balance equation yields a
conserved integral
d
dt
∫
Ω
T dx = 0. (4)
A conserved integral (4) is generally useful only if the conserved density
T (t, x, u, ∂u, ∂2u, . . .) does not have the form DxΘ(t, x, u, ∂u, ∂
2u, . . .) for some differentiable
function Θ, since otherwise
∫
Ω
T dx = Θ
∣∣
∂Ω
reduces to flux terms that depend merely on
the asymptotic decay or boundary conditions posed for solutions u ∈ X . The global bal-
ance equation d
dt
∫
Ω
T dx = −Φ∣∣
∂Ω
thereby becomes an identity, with Φ = −DtΘ. Conse-
quently, a conservation law is said to be locally trivial [?, 16] when T (t, x, u, ∂u, ∂2u, . . .) =
DxΘ(t, x, u, ∂u, ∂
2u, . . .) and Φ(t, x, u, ∂u, ∂2u, . . .) = −DtΘ(t, x, u, ∂u, ∂2u, . . .) hold for all
solutions u ∈ X . Moreover, any non-trivial local conservation law can be changed an inessen-
tial way by the addition of a locally trivial density DxΘ to T and a corresponding flux −DtΘ
to Φ, since
∫
Ω
T dx remains the same up to flux terms which will typically vanish due to the
asymptotic decay or boundary conditions posed for solutions u ∈ X . Accordingly, any two
local conservation laws that differ by a locally trivial conservation law are said to be locally
equivalent [?, 16].
The most relevant kind of non-trivial conservation laws for doing analysis are conserved
energies and conserved Sobolev norms. These belong to the class of local conservation laws
(3) having the form
T (u, ux, m) 6= DxΘ(x, u, ux) (5)
where, specifically,
T = u2x +N(u) (6)
T = u2xx +N(u, ux) (7)
comprise the general forms for a conserved energy density and a conserved gradient energy
density, while, as particular cases,
T = u2x + νu
2, T = u2xx + µu
2
x + νu
2, µ, ν > 0 (8)
are the forms given by the densities for (weighted) H1 and H2 norms, respectively. Another
non-trivial conservation law of interest in the same class is the momentum
T = m = u− uxx, (9)
which has the locally equivalent form
T = u. (10)
A general method [14, 15, 16], using multipliers, is available to find all of these local conser-
vation laws.
We will use a modified version of the multiplier method, which can be applied, without loss
of generality, because of the specific forms (6)–(9) of T characterizing energies and Sobolev
3
norms as well as momentum. What is different about the modified method is that it will
yield precisely those local conservation laws with a specified form for the conserved density,
rather than all local conservation laws with a general form for the multiplier.
It will be useful to write
Υ(u, ux, m,mx) = mt + f(u, ux)m+Dx(g(u, ux)m) (11)
for the expression defining a general multi-peakon equation (1). In particular, a locally
smooth function u(t, x) will belong to the space E of locally smooth solutions to this equa-
tion when and only when Υ = 0 for this function u(t, x). Then any local conservation law
admitted by a multi-peakon equation can be expressed as (DtT +DxΦ)|E = 0, where a re-
striction to E is taken to mean that all t-derivatives of m are eliminated through substitution
of mt = −f(u, ux)m−Dx(g(u, ux)m). When T has the form (5), we note that (DtT )|E will
be a function of u, ux, m, mx, as well as ut and utx (which will appear linearly). The relation
(DxΦ)|E = −(DtT )|E then shows that Φ must be a function of at most u, ux, m, ut, and
utx. Moreover, when u(t, x) is an arbitrary locally smooth function, then T (u, ux, m) and
Φ(u, ux, m, ut, utx) will satisfy the identity
DtT +DxΦ = ΥQ (12)
where Q(u, ux, m, ut, utx) is given by the relation
Q = Tm − Φutx . (13)
This identity (12)–(13) is called the characteristic equation for the conservation law, and Q
is called the conservation law multiplier. The pair (T,Φ) is commonly called a conserved
current.
A one-to-one correspondence between multipliers Q and locally equivalent conserved cur-
rents (T + DxΘ,Φ − DtΘ) can be established from the characteristic equation (12). This
result follows from a general correspondence [17, 15, 16] that holds between multipliers and
locally equivalent conservation laws for any partial differential equation having a generalized
Cauchy–Kovalevskaya form. In the case of a multi-peakon equation mt + fm+ (gm)x = 0,
this form is given by uxxx = ux+(utxx−ut+(uxx−u)(f+gx))/g. However, because the leading
derivative is an x-derivative of u, there will not necessarily be a one-to-one correspondence
between multipliers Q and locally equivalent conserved densities T +DxΘ.
As an example, the multi-peakon equation (1) given by f(u, ux) = −2uux, g(u, ux) = u2−
3u2x admits a purely spatial conservation law (DxΦ)|E = 0 where the flux is Φ = (u3− uu2x−
gm+utx)
2−(u2ux−u3x+ut)2, and the corresponding multiplier isQ = 2u(u2x−u2)+2gm−2utx.
Clearly, if this flux conservation law is added to any local conservation law, it will not change
the conserved density but will change the multiplier.
Nevertheless, the characteristic equation (12)–(13) can be used to determine when any
Sobolev norm density (8) is conserved, and also to find all conserved energy densities (6)
and (7). The starting point is that T (u, ux, m) satisfies a local conservation law iff DtT −QΥ
is a total x-derivative DxΦ(u, ux, m, ut, utx), for some multiplier Q(u, ux, m, ut, utx). From
general results in variational calculus, we know that total x-derivatives DxΦ(u, ux, m, ut, utx)
are characterized by [17, 16] belonging to the kernel of the spatial Euler operators Eˆu and
Eˆut , which are defined by
Eˆv = ∂v −Dx∂vx +D2x∂vxx −D3x∂vxxx + · · · (14)
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for any variable v.
Lemma 2.1. A function T (u, ux, m) satisfies a local conservation law (DtT +DxΦ)|E = 0
for a multi-peakon equation mt + f(u, ux)m+Dx(g(u, ux)m) = 0 iff
Eˆu(DtT −QΥ) = 0, (15)
Eˆut(DtT −QΥ) = 0 (16)
hold for some multiplier function Q(u, ux, m, ut, utx), when u(t, x) is an arbitrary locally
smooth function, where Υ is expression (11).
These two conditions (15)–(16) will, in general, be polynomials in derivatives of m and
must hold for all locally smooth functions u(t, x). Hence, the coefficients of each different
monomial in derivatives of m must vanish, which yields a linear overdetermined system of
equations involving T , Q, f and g. The example above shows that this system can have a
non-trivial solution for f , g, and Q, when T = 0. So, rather than try to find all solutions,
we will take Q to have the simplest possible form that allows the system to be solved with a
given form for T (u, ux, m). We can do this by considering the terms Eˆu(DtT ) and Eˆut(DtT )
in the respective conditions (15)–(16), and applying a derivative balancing and counting
argument, as explained in the next section.
3. Classification results
We will now proceed to determine families of nonlinear multi-peakon equations (1) that ad-
mit local conservation laws in which T has one of the forms (6)–(7), (8), (9) that characterize
energies, H1 and H2 Sobolev norms, and momentum, respectively.
The computations will require solving Euler-operator equations of the form Eˆu(h1m +
h2m
2+h3m
3) = 0 and Eˆut(h1m+h2m
2+h3m
3) = 0, where h1, h2, h3 are functions of u and
ux. We give a derivation of the general solution, stated as Lemma 5.1, in the Appendix.
We will only be interested in cases where at least one of the coefficient functions f(u, ux),
g(u, ux) in the general multi-peakon equation (1) is non-constant. This condition, f
2
u +f
2
ux +
g2u + g
2
ux 6= 0, is necessary and sufficient for a multi-peakon equation to be nonlinear.
Classifications of conservation laws are typically carried out by taking into account the
equivalence group of point transformations that preserve the general class of equations being
studied. For the class of nonlinear multi-peakon equations (1), the equivalence group will be
small, because the relation m = u− uxx must be preserved. In particular, a straightforward
calculation using the Lie symmetry method [18] shows that the equivalence group is given
just by shifts in f, g.
The results of the classifications can be viewed as a particular example of solving an inverse
problem that consists of finding differential equations (within a certain class) that possess
a conserved integral of a specified form. See Ref.[19] for some recent work on the general
inverse problem for conservation laws.
3.1. Conservation of momentum. For T = m, we have simply DtT = mt, and hence
Eˆu(DtT ) = 0, Eˆut(DtT ) = 1. Then, from Lemma 2.1, the determining conditions (15)–(16)
become
Eˆu(mtQ+ (fm+Dx(gm))Q) = 0, Eˆut(mtQ + (fm+Dx(gm))Q) = 1. (17)
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Now we look for the simplest form for Q(u, ux, m, ut, utx) that will allow these two equations
to be solved. Since the term mtQ has one more t-derivative of u in total compared to the
term (fm + Dx(gm))Q, the simplest possible balance of t-derivatives on the left and right
sides in each equation is obtained by putting
Eˆu(mtQ) = 0, Eˆut(mtQ) = 1. (18)
Then the simplest solution for this pair of equations can be obtained by taking Q to have no
dependence on ut and utx. Hence, we will put Q = Q(u, ux, m). Each of the equations (18)
then splits with respect to the variables mx, mxx, ut, utx, mt, mtx, mtxx, yielding a linear
system of four equations. The first three equations are found to reduce to Qu = 0, Qux = 0,
Qm = 0, which implies Q is a constant. Then the remaining equation in the split systems
becomes
Q = 1. (19)
Substituting this expression for Q back into the determining conditions (17), we get
Eˆu(fm) = 0. (20)
By applying Lemma 5.1 to the condition (20), we obtain
f(u, ux) = uxf1(u
2 − u2x) +
f0u
u2 − u2x
(21)
and
Φ(u, ux, m) = g(u, ux)m+
1
2
F1(u
2 − u2x) + 12f0 ln
(u− ux
u+ ux
)
+ f0x (22)
where f1 is an arbitrary function of u
2 − u2x, F1 is a function of u2 − u2x such that F ′1 = f1,
and f0 is an arbitrary constant.
Therefore, the local conservation law for momentum is given by expressions (9) and (22)
for the density and flux, respectively. This conservation law has the locally equivalent form
T = u, Φ = g(u, ux)m− utx + 12F1(u2 − u2x) + 12f0 ln
(u− ux
u+ ux
)
+ f0x. (23)
Theorem 3.1. Local conservation of momentum, (Dtu +DxΦ)|E = 0, holds for the family
of multi-peakon equations (1) with f(u, ux) having the form (21) and with g(u, ux) being
arbitrary. The total momentum on a domain Ω
M [u] =
∫
Ω
mdx (24)
will be conserved d
dt
M = 0 for all solutions u ∈ X whose flux (22) vanishes at ∂Ω.
3.2. Conservation laws related to H1 norm. We start by considering T = u2x + u
2,
which is the density for the H1 norm. Then we have DtT = 2uxutx + 2uut, and hence
Eˆu(DtT ) = 2mt, Eˆut(DtT ) = 2m. The determining conditions (15)–(16) from Lemma 2.1
thereby become
Eˆu(mtQ+ (fm+Dx(gm))Q) = 2mt, Eˆut(mtQ + (fm+Dx(gm))Q) = 2m. (25)
The simplest possible balance of t-derivatives on the left and right sides in each of these
equation is obtained by taking Q to have no dependence on ut, utx, and putting
Eˆu(mtQ) = 2mt, Eˆut(mtQ) = 2m. (26)
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Then, with Q = Q(u, ux, m), we find that the pair of equations (26) splits with respect to
the variables mx, mxx, ut, utx, mt, mtx, mtxx, yielding a linear system of four equations.
From the first three equations, we obtain Qu = 2, Qux = 0, Qm = 0, and then the remaining
equation in the split system yields
Q = 2u. (27)
We now substitute Q back into the determining conditions (17), yielding Eˆu((fm +
Dx(gm))u) = 0. This equation can be simplified through integration by parts on the term
uDx(gm) = Dx(ugm)− uxgm, which gives
Eˆu((uf − uxg)m) = 0. (28)
By applying Lemma 5.1 to the condition (28), we obtain
uf(u, ux)− uxg(u, ux) = uxh1(u2 − u2x) + h0
u
u2 − u2x
(29)
and
Φ(u, ux, utx, m)− 2ug(u, ux)m+ 2uutx = H1(u2 − u2x) + h0 ln
(u− ux
u+ ux
)
+ 2h0x (30)
where h1 = H
′
1 is an arbitrary function of u
2 − u2x, and h0 is an arbitrary constant. From
the relation (29), we get f = uxh+ uxh˜ and g = uh− uh˜ where h is an arbitrary function of
u and ux, and where h˜ is given by
h˜(u, ux) =
1
2
h1(u
2 − u2x)
u
+
1
2
h0
ux(u2 − u2x)
. (31)
This yields
f(u, ux) = uxh(u, ux) +
1
2
uxh1(u
2 − u2x)
u
+
1
2
h0
u2 − u2x
, (32)
g(u, ux) = uh(u, ux)− 12h1(u2 − u2x)−
1
2
h0u
ux(u2 − u2x)
. (33)
Therefore, the local conservation law for the H1 norm (squared) is given by the density and
flux expressions
T = u2x + u
2, (34)
Φ = −2uutx + 2u2h(u, ux)m− uh1(u2 − u2x)m− h0
u2m
ux(u2 − u2x)
+H1(u
2 − u2x)
+ h0 ln
(u− ux
u+ ux
)
+ 2h0x.
(35)
Theorem 3.2. Local conservation of the H1 density, (Dt(u
2
x + u
2) +DxΦ)|E = 0, holds for
the family of multi-peakon equations (1) with f(u, ux) and g(u, ux) given by the respective
forms (32)–(33). The H1 norm on a domain Ω
||u||H1 =
(∫
Ω
u2x + u
2 dx
)1/2
(36)
will be conserved d
dt
||u||H1 = 0 for all solutions u ∈ X whose flux (35) vanishes at ∂Ω.
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We will next consider related conservation laws for energy having the form (6) which
includes a weighted H1 norm when N(u) = νu2 with ν 6= 1. By repeating the previous
steps, we have
Eˆu(mtQ) = 2mt + (N
′′(u)− 2)ut, Eˆut(mtQ) = 2m+N ′(u)− 2u (37)
with Q = Q(u, ux, m). The solution of this pair of equations can be shown to be given by
Q = 2u and N = u2. As a result, the energy density T = u2x + N(u) = u
2
x + u
2 reduces to
the H1 norm density, and we do not obtain a new local conservation.
Finally, it is interesting to look at the overlap of the conditions under which the local
conservation laws for both the momentum and the H1 density hold. The following result is
obtained by equating the forms for (f(u, ux), g(u, ux)) in Theorems 3.1 and 3.2.
Corollary 3.1. Local conservation laws for both momentum and the H1 norm hold for the
family of multi-peakon equations (1) given by
f(u, ux) = uxf1(u
2 − u2x) +
f0u
u2 − u2x
, (38)
g(u, ux) = uf1(u
2 − u2x) + h1(u2 − u2x) +
f0u
2 + h0u
ux(u2 − u2x)
, (39)
where f1, h1 are arbitrary functions of u
2 − u2x, and f0, h0 are arbitrary constants.
3.3. Conservation laws related to H2 norm. We start by considering the density for
the H2 norm, T = u2xx+ u
2
x+ u
2. This gives DtT = −2uxxmt+2uut+Dx(2uxut), and hence
we have Eˆu(DtT ) = 2(ut − mtxx), Eˆut(DtT ) = 2(u − mxx). The determining conditions
(15)–(16) from Lemma 2.1 are then given by
Eˆu(mtQ + (fm+Dx(gm))Q) = 2(ut −mtxx), (40)
Eˆut(mtQ + (fm+Dx(gm))Q) = 2(u−mxx). (41)
Because the right side of equation (40) is linear in first-order t-derivatives of u, the simplest
possible balance of t-derivatives in this equation is obtained if Q has no dependence on ut
and utx. Similarly, because the right side of equation (41) contains no t-derivatives of u, the
simplest possible balance of t-derivatives is again obtained if Q has no dependence on ut and
utx. Hence, we will take Q = Q(u, ux, m). This possible balance of t-derivatives on both
sides of each equation requires putting
Eˆu(mtQ) = 2(ut −mtxx), Eˆut(mtQ) = 2(u−mxx). (42)
These two equations (42) then split with respect to the variables mx, mxx, ut, utx, mt, mtx,
mtxx, yielding a linear system of five equations. When this system is simplified, it becomes
Qu = 0, Qux = 0, Qm = 2, Q = 2(m− u). (43)
which has no solution. Hence, the determining conditions (40)–(41) have no solution when
Q is a function of u, ux, m.
The next simplest possibility for balancing t-derivatives in the determining conditions
(40)–(41) would be to try Q = Q0(u, ux, m) + Q1(u, ux, m)utx which is linear in utx, as
motivated by the example presented in section 2. Repeating the previous steps, we reach
the same conclusion that the determining conditions (40)–(41) have no solution when Q is
a function of u, ux, m, and linear in utx.
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This shows that local conservation of the H2 density cannot hold with a multiplier Q =
Q0(u, ux, m) + Q1(u, ux, m)utx for any multi-peakon equation (1). The question of whether
a multiplier with the general form Q(u, ux, m, ut, utx) could work will be left to a subsequent
paper.
We will now turn to investigate more general conservation laws given by the form (7) for
T that characterizes a gradient energy density. This form includes a weighted H2 density
when N(u, ux) = bu
2
x + au
2 with b 6= 1 or a 6= 1.
For T = u2xx +N(u, ux), we have DtT = 2uxx(ut −mt) + utNu + utxNux , which yields
Eˆu(DtT ) = 2(ut −mt −mtxx) + ut(Nuu −DxNuux)− utxDxNuxux + (mt − ut)Nuxux
= A1(u, ux, m, ut, utx, mt, mtx)
(44)
and
Eˆut(DtT ) = 2(u−m−mxx) +Nu −DxNux = A2(u, ux, m,mxx). (45)
Hence the determining conditions (15)–(16) from Lemma 2.1 are given by
Eˆu(mtQ+ (fm+Dx(gm))Q) = A1, Eˆut(mtQ + (fm+Dx(gm))Q) = A2. (46)
Using the same argument considered in the H2 density case, we will take Q = Q(u, ux, m)
and put
Eˆu(mtQ) = A1, Eˆut(mtQ) = A2. (47)
These two equations (47) split with respect to the variables mx, mxx, ut, utx, mt, mtx, mtxx,
yielding a linear system which, after simplification, is given by seven equations
Qux = 0, Qm − 2 = 0, (48)
Nuxuxux = 0, Nuxuxu = 0, Nuu − uxNuxuu −Nuxux + 2 = 0, (49)
Qu −Nuxux + 4 = 0, Q + uxNuux −Nu + 2(u−m) = 0. (50)
This system is consistent and can be straightforwardly integrated:
N = µu2x + (µ− 1)u2 + 2νu+DxΘ(u), (51)
Q = 2(m+ (µ− 2)u+ ν). (52)
We now substitute Q back into the determining conditions (46), which reduce to the equation
Eˆu((fm+Dx(gm))(m+ (µ− 2)u+ ν)) = 0. This equation can be simplified by expanding
and integrating by parts on the term (m + (µ − 2)u)Dx(gm) = 12m2Dxg − (µ − 2)uxgm +
Dx(((µ− 2)u+ 12m)gm), so then we have
Eˆu(((µ− 2)(uf − uxg) + νf)m+ (f + 12(Dxg))m2) = 0. (53)
Applying Lemma 5.1 to condition (53), we obtain three different (non-overlapping) solu-
tions:
ν = 0, µ = 2, f = −1
2
uxh
′(u), g = h(u); (54)
ν 6= 0, µ = 2, f = αux, g = −2αu+ β; (55)
ν = (µ− 2)β, µ 6= 2, f = αux/(u+ β)3, g = α/(u+ β)2. (56)
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Then from expressions (51)–(52), we find that the density and the flux in the resulting
the local conservation law for the gradient energy are given by
T = u2xx + µu
2
x + (µ− 1)u2 + 2νu, (57)
Φ = 2((1− µ)u− ν)utx − 2uxut + (2((µ− 2)u+ ν) +m)mg
+ ((2− µ)(u2 − u2x)− νu)g + 12((µ− 2)u+ ν)u2xgu + νG,
(58)
with G =
∫
g du.
Theorem 3.3. Local conservation of the gradient energy density, (Dt(u
2
xx+µu
2
x+(µ−1)u2+
2νu) + DxΦ)|E = 0, holds for three families of multi-peakon equations (1), where f(u, ux)
and g(u, ux) have the respective forms (54), (55), (56). The gradient energy on a domain Ω
E[u] =
∫
Ω
u2xx + µu
2
x + (µ− 1)u2 + 2νu dx (59)
will be conserved d
dt
E = 0 for all solutions u ∈ X whose flux (58) vanishes at ∂Ω.
There are two important special cases of the gradient energy (59).
The first case is ν = 0, µ 6= 2, where the gradient energy density reduces to a weighted
H2 density
T = u2xx + µu
2
x + (µ− 1)u2 (60)
with the constant µ controlling the weights of u2x and u
2. This special case occurs for the
third family (56) when β = 0. The flux in this case is given by
Φ = 2(1− µ)uutx − 2uxut + α(µ− 1 +m/u)2. (61)
Then resulting local conservation law yields
d
dt
||u||2H2,µ = −Φ
∣∣
∂Ω
(62)
showing that the weighted H2 norm
||u||H2,µ =
(∫
Ω
u2xx + µu
2
x + (µ− 1)u2 dx
)1/2
(63)
will be conserved on a domain Ω when the flux (61) of u ∈ X vanishes at ∂Ω.
The second case is a specialization of the weighted H2 norm (63) given by µ = 2, which
occurs for the first family (54). In this case, the gradient energy conservation law has the
locally equivalent form
T = m2 = (u− uxx)2, Φ = g(u)m2. (64)
This local conservation law (64) yields
d
dt
||m||2L2 = −Φ
∣∣
∂Ω
(65)
which represents conservation of the L2 norm of m on a domain Ω when the flux Φ = g(u)m2
of u ∈ X vanishes at ∂Ω.
Finally, we consider the overlap of the conditions under which the local conservation law
for the gradient energy holds along with the local conservation laws for the H1 norm and
the momentum. By equating the form for (f(u, ux), g(u, ux)) in Theorem 3.3 with the forms
for (f(u, ux), g(u, ux)) in Theorems 3.1 and 3.2, we obtain the following result.
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Corollary 3.2. (i) None of the multi-peakon equations in the family (1) possess local con-
servation laws for both momentum and gradient energy. (ii) Local conservation laws for
gradient energy and the H1 norm hold for the family of multi-peakon equations (1) given by
f(u, ux) = αux/u
3, g(u, ux) = α/u
2 (66)
where α, β are arbitrary constants. The gradient energy density and flux are respectively
given by expressions (60) and (61), where µ is an arbitrary constant. In the case µ = 2, this
conservation law has the locally equivalent form (64) which is a local conservation law for
the L2 norm of m.
4. Applications
Three applications using the classification results stated In Theorems 3.1, 3.2, and 3.3
will now be considered. We will work with smooth solutions u(t, x) of the multi-peakon
equations (1) on the real line. All of the results carry over to strong solutions u(t, x) ∈
C0([0, τ);Hs(R)) ∩ C1([0, τ);Hs−2(R)) with s > 7
2
, for which Sobolev embedding ensures
that u, ux, m, mx, and ut are continuous functions.
4.1. Maximal amplitude and gradient of solutions. Consider the family (54) of multi-
peakon equations (1), in which the L2 norm of m is conserved. We will now show that this
norm controls both the maximal amplitude and the maximal gradient of solutions u(t, x).
We start from an inequality obtained in Ref.[20]:
2u(t, x)2 = 2
(∫ x
−∞
uux dx−
∫ ∞
x
uux dx
)
<
∫ x
−∞
(u2 + u2x) dx+
∫ ∞
x
(u2 + u2x) dx = ||u||2H1
(67)
where the strict inequality comes from the fact that u2 = u2x cannot hold for smooth functions
with finite H1 norm on the real line. By repeating this argument for the x-derivative of
u(t, x), we likewise have
2ux(t, x)
2 < ||ux||2H1. (68)
Note that we can choose different points x ∈ R in each of these inequalities (67) and (68).
This yields
2(u(t, x1)
2+ ux(t, x2)
2) < ||u||2H1 + ||ux||2H1 =
∫ ∞
−∞
(u2+2u2x+ u
2
xx) dx =
∫ ∞
−∞
m2 dx = ||m||2L2
(69)
since 2u2x = 2(uux)x − 2uuxx.
Now, because the L2 norm of m is conserved, we conclude that
sup
x∈R
|u(t, x)| < 1√
2
||u0||H1 < ||m0||L2, sup
x∈R
|ux(t, x)| < ||m0||L2 (70)
with m0(x) = u0(x)−u′′0(x), where u0(x) = u(0, x) is the initial data for the Cauchy problem
of the family (54) of multi-peakon equations (1). These two inequalities give a priori bounds
on the amplitude and gradient of the solutions.
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4.2. Hamiltonian structure and solitary waves. Both the momentum and the H1 norm
are conserved in the family (38)–(39) of multi-peakon equations (1). As a first observation,
this family can be seen to coincide with the Hamiltonian family of multi-peakon equations
derived in Ref.[7]. Particular equations in the family include the Camassa–Holm equation
and the modified Camassa–Holm equation.
In the case of the Camassa–Holm equation, it is known [21] that all solitary travelling
waves are given by peakons, namely, no smooth solitary waves exist. We will now show that
the same result extends to all of the non-singular equations
mt + uxf1(u
2 − u2x)m+ ((uf1(u2 − u2x) + g1(u2 − u2x))m)x = 0 (71)
in the Hamiltonian family (38)–(39), where f1 and g1 are smooth functions of u
2 − u2x.
Consider a general travelling wave u = U(ξ) with ξ = x− ct, where c = const. 6= 0 is the
wave speed. The Hamiltonian peakon equations (71) then reduce to a third-order nonlinear
ODE
−c(U ′−U ′′′)+U ′(U−U ′′)f1(U2−U ′2)+((U−U ′′)(Uf1(U2−U ′2)+g1(U2−U ′2)))′ = 0. (72)
We can obtain two first integrals for this ODE by using the conservation laws for the mo-
mentum and the H1-norm of solutions in the following way [22].
Lemma 4.1. If the conserved density T and the spatial flux Φ in a local conservation law
DtT + DxΦ = 0 do not contain t and x explicitly, then for travelling waves u = U(ξ) we
see that Dt = −c ddξ and Dx = ddξ yields ddξ (Φ− cT ) = 0. This is a first integral, which gives
Φ− cT = 0. It has the physical meaning of the spatial flux in a reference frame moving with
speed c (namely, the rest frame of the travelling wave).
Thus, from the momentum density and flux (23), we obtain the first integral
− c(U − U ′′) + 1
2
F1 + (U − U ′′)(Uf1 + g1) = c1 = const. (73)
where
F1 =
∫ U2−U ′2
0
f1(y) dy = (U
2 − U ′2)F˜1(U2 − U ′2), F˜1 =
∫ 1
0
f1((U
2 − U ′2)λ) dλ. (74)
From the H1 density and flux (34)–(35), we similarly obtain another first integral
− c(U2 + U ′2) + 2cUU ′′ −G1 + 2U(U − U ′′)(Uf1 + g1) = c2 = const. (75)
where
G1 =
∫ U2−U ′2
0
g1(y) dy = (U
2 − U ′2)G˜1(U2 − U ′2), G˜1 =
∫ 1
0
g1((U
2 − U ′2)λ) dλ. (76)
We can now combine these two first integrals to get a first-order nonlinear ODE
(U ′2 − U2)(UF˜1 + G˜1 − c) = 2c1U − c2. (77)
The smooth solutions U(ξ) of this ODE are all smooth travelling waves of the Hamiltonian
peakon equations (71).
Solitary travelling waves are singled out by imposing the asymptotic decay condition that
U and its derivatives go to zero for large |ξ|. Applying this condition to both first integrals
(73) and (75), and using the property that G˜1(0) = g1(0) and F˜1(0) = f1(0) are non-singular,
we find c1 = c2 = 0. Then the travelling-wave ODE (77) becomes (U
′2−U2)(UF˜1+G˜1−c) =
12
0, which thereby implies U ′2 = U2 or UF˜1 + G˜1 = c. The first possibility directly leads
to U = 0 when asymptotic decay is imposed along with smoothness of U(ξ); the second
possibility will be consistent with asymptotic decay iff g1(0) = c 6= 0, but then wave speed
will be fixed rather than arbitrary. This establishes the following non-existence result.
Proposition 4.1. For the Hamiltonian family (71) of multi-peakon equations, no smooth
solitary travelling wave solutions exist either with arbitrary wave speed, or with a fixed wave
speed if g1(0) = 0.
4.3. Solitary waves and peakons. For the one-parameter family (66) of multi-peakon
equations (1), both the H1 norm of u and the L2 norm of m are conserved. This family can
be written in the form
mt + uxu
−3m+ (u−2m)x = 0 (78)
after a scaling of t.
The multi-peakon equation (78) has a singularity at u = 0. Nevertheless, we will show that
it possesses a smooth solitary wave solution, as well as a peakon travelling wave solution.
The effect of the singularity is that the amplitude of these solutions will be seen to diverge
as the wave speed goes to zero.
We will start by considering smooth travelling waves u = U(ξ) with ξ = x − ct, where
c = const. 6= 0 is the wave speed. The peakon equation (78) then reduces to a third-order
nonlinear ODE
− c(U ′ − U ′′′) + U ′(U − U ′′)U−3 + ((U − U ′′)U−2)′ = 0. (79)
Two first integrals for this ODE arise by applying Lemma 4.1 to the conservation laws for
the H1-norm of u and the L2 norm of m = u− uxx.
The density and flux (64) of the L2 norm yield the first integral
(U − U ′′)2(c− 1/U2) = c1 = const. (80)
while the H1 density and flux (34)–(35) yield another first integral
− c(U2 + U ′2) + 2cUU ′′ + 2(U − U ′′)/U = c2 = const.. (81)
By combining these two first integrals, we get a first-order nonlinear ODE
(c(U2 − U ′2)− c2)2 = 4c1(1− cU2). (82)
The smooth solutions U(ξ) of this ODE are all smooth travelling waves of peakon equation
(78).
To obtain the solitary wave solutions, we first impose the asymptotic decay condition that
U and its derivatives go to zero for large |ξ| in the ODE (82). This gives c1 = 14c22, and hence
the ODE becomes U ′2 = U2 + (c2/c)
(√
1− cU2 − 1), where we have chosen the sign of the
square root so that U ′ = 0 when U = 0. We next require that the quadrature of this ODE
gives
U → 0 as |ξ| → ∞ (83)
so that the solutions U(ξ) exhibit an asymptotically decaying tail. To impose this re-
quirement, we rewrite the right-hand side of the ODE by expressing
√
1− cU2 − 1 =
−cU2/(√1− cU2 + 1), whereby
U ′2 = U2
1− c2 +
√
1− cU2
1 +
√
1− cU2 . (84)
13
Then for U ∼ 0 we see that U ′2 ∼ (1 − c2/2)U2, whose quadrature is ±ξ ∼
√
2√
2−c2 ln(U),
yielding |ξ| → ∞ as U → 0 if 2 − c2 > 0. Hence, we will put c2 = 2 − b2, with b 6= 0. The
ODE is now given by
U ′2 = U2
b2 − 1 +√1− cU2
1 +
√
1− cU2 . (85)
Last, we want the solutions U(ξ) to possess a peak at some point ξ = ξ0. This requires that
U ′ = 0 holds for some U 6= 0. The ODE yields the condition √1− cU2 = 1− b2, which can
hold if and only if 0 < |b| < 1 and c > 0. Then the peak will be given by
|U |max = b
√
2− b2√
c
, 0 < b < 1, c > 0 (86)
which satisfies 0 <
√
c|U |max < 1.
It is straightforward to show that all solutions of the ODE (85) with c > 0 and 0 <
b < 1 describe solitary waves having a peak (86) and an asymptotic decaying tail (83). In
particular, this ODE can be explicitly integrated, yielding
± (ξ − ξ0) = arctanh
(√
2BA
A+B
)
− (1/(
√
2b)arctanh
( √
2BA
(
√
2/b)A+ (b/
√
2)B
)
(87)
where
A = 1 +
√
1− cU(ξ)2, B = b2 − 1 +
√
1− cU(ξ)2. (88)
This algebraic equation determines U(ξ) up to a sign, and thus there are two smooth solitary
wave solutions related by a reflection U ↔ −U , with each solution depending on the free
parameter 0 < b < 1.
Finally, we will compare the smooth solitary wave solution u = U(ξ) with the peakon
travelling wave solution for equation (78).
Peakon travelling waves have the form u = ae−|x−ct|, where a is the amplitude and c is the
wave speed, which satisfy an algebraic relation determined by a weak formulation of equation
(78). Note that a peakon is a peaked travelling wave, but it is not a smooth solution and
so it does not arise from the ODE (79). Instead, applying the results in Ref.[7] for the weak
formulation of the general family (1) of multi-peakon equations, we find that c = 1/a2 and
hence
u = ±(1/√c)e−|x−ct|, c > 0. (89)
This peakon travelling wave (89) and the smooth solitary wave (87)–(88) have some sim-
ilarities. Both move only in the positive x direction, and both have either an up or down
orientation. Their maximum amplitudes |u|max are 1/
√
c for the peakon and b
√
2− b2/√c
for the smooth solitary wave, both of which have the same dependence on the wave speed c.
Note that the peak amplitude of the solitary wave is strictly less than that of the peakon,
since b
√
2− b2 < 1 due to b < 1.
Remarkably, it seems that the singularity in equation (78) affects just how the peak am-
plitude of travelling waves depends on the wave speed, with |u|max →∞ as c→ 0.
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5. Summary and concluding remarks
In Theorems 3.1, 3.2, and 3.3, we have presented classifications of families of nonlinear
multi-peakon equations that possess conserved momentum (24), conserved H1 norm (36),
and conserved gradient energy (59). These classifications include as special cases a weighted
H2 norm (62) of u and the L2 norm (65) of m.
As mentioned in section 1, these classifications reveal that there are two large families of
equations for which, respectively, the H1 norm of u and the L2 norm of m are conserved.
The first family is given by
mt + 2uxh(u, ux)m+ u(h(u, ux)m)x = 0 (90)
where h(u, ux) is an arbitrary smooth function of u and ux; the second family is given by
mt +
1
2
uxh
′(u)m+ h(u)mx = 0 (91)
where h(u) is an arbitrary smooth function of u. In fact, conservation of the H1 norm and the
L2 norm holds for slightly more general families, but the additional multi-peakon equations
in those families contain singularities when u = 0, ux = 0, or |u| = |ux|.
We have considered three interesting applications of these classifications. Two of the appli-
cations look at special families of multi-peakon equations, one for which both the momentum
and the H1 norm are conserved, and another for which the H1 norm and the L2 norm of
m are conserved. The first of these families is shown to have no smooth solitary wave so-
lutions, which significantly generalizes a result [21] known for the Camassa-Holm equation.
In contrast, the second family is shown to possess smooth solitary wave solutions as well as
peakon solutions. No other multi-peakon equation is known to have such a feature.
There has been a lot of interest in recent years in studying integrable peakon equations.
To-date, the known examples in the general class of multi-peakon equations (1) consist
of the Camassa–Holm (CH) equation, the Degasperis–Procesi (DP) equation, the Novikov
(N) equation, and the modified Camassa–Holm (mCH) equation which is also known as
the FORQ equation. A summary of which of these equations possesses conservation of
momentum, H1 norm of u, L2 norm of m, as well as conservation of a weighted H2 norm of
u, is presented in Table 1. The latter result on weighted H2 norms is not well known in the
literature.
Table 1. Integrable multi-peakon equations
Name f(u, ux) g(u, ux) ||u||L1 = ||m||L1 ||u||H1 ||m||L2 ||u||H2,µ6=2
Camassa-
Holm ux u Y Y N N
Degasperis–
Procesi 2ux u Y N N N
Novikov uux u
2 N Y N N
modified
Camassa–Holm 0 u
2 − u2x Y Y N N
Several recent papers [1, 2, 3, 4, 5, 6, 7] have introduced nonlinear generalizations of the
CH, DP, N, and mCH equations, involving an arbitrary nonlinearity power p. Within the
general class of multi-peakon equations (1), the CH, DP, N, and mCH equations have been
unified into a three-parameter family given by [4, 5] f(u, ux) = 3a(p−2)up−3u3x+(b−p)up−1ux,
15
g(u, ux) = u
p − 3aup−2u2x. This family can be slightly generalized by letting each term have
an arbitrary coefficient:
f(u, ux) = a˜u
p−3u3x + b˜u
p−1ux, g(u, ux) = c˜up−2u2x + d˜u
p. (92)
The four-parameter family (92) contains a nonlinear CH-N b-family for a˜ = c˜ = 0, b˜ = b,
d˜ = 1,
mt + bu
p−1uxm+ upmx = 0, (93)
and a nonlinear mCH b-family for a˜ = b˜ = 0, c˜ = 1, d˜ = b,
mt + (u
p−2(u2 − bu2x)m)x = 0. (94)
Although the generalized family (92) represents a unification of nonlinear generalizations
of the CH, DP, N, and mCH equations, this family does not retain any of the integrability
features of these equations.
A nonlinear generalization unifying just the CH and mCH equations in a way that retains
one of the Hamiltonian structures of both equations is given by [7]
f(u, ux) = aux(u
2 − u2x)p/2, g(u, ux) = (au(u2 − u2x)p/2 + b(u2 − u2x)(p+1)/2. (95)
This three-parameter family is a close analog of the gKdV equation which unifies the KdV
and mKdV equations into a one-parameter family retaining one of the Hamiltonian structures
shared by both equations. A one-parameter family of generalized CH (gCH) multi-peakon
equations is obtained from this family (95) by putting k = 2p− 2, b = 0, a = 1, which yields
[7]
mt + ux(u
2 − u2x)p−1m+ (u(u2 − u2x)p−1m)x = 0. (96)
Similarly, putting k = 2p − 1, a = 0, b = 1 in the three-parameter family (95) yields a
one-parameter family of generalized mCH (gmCH) multi-peakon equations [7]
mt + ((u
2 − u2x)pm)x = 0. (97)
Both of these one-parameter families (96) and (97) have a Hamiltonian structure, unlike the
generalized CH-DP-N-mCH family (92).
We summarize in Table 2 the conditions under which the non-Hamiltonian family (92)
and the Hamiltonian family (95) possess conservation of momentum, H1 norm of u, L2 norm
of m, as well as conservation of a weighted H2 norm of u, by applying Theorems 3.1, 3.2,
and 3.3. One remark is that the Hamiltonian structure for the family (95) corresponds to
an energy conservation law that has a local density but a nonlocal flux, and hence it falls
outside of the classifications considered in these classifications.
Table 2. Families of multi-peakon equations
Name ||u||L1 = ||m||L1 ||u||H1 ||m||L2 ||u||H2,µ6=2
g-CH-DP-
N-mCH Y: a = b = 0; Y: a = d, b = c; Y: a = d = 0, Y: a = d = 0,
2a = (1− p)b, p = 1, 3 a+ b = c+ d, p = 2 2b = −pc b = c, p = −2
g-CH-mCH
Hamiltonian Y Y N N
The nonlinear multi-peakon equations that possess conserved H1 norm (36) of u, L2 norm
of m, and conserved gradient energy (59) of u comprise a wide family of equations which
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should be interesting to study further. In particular, an important goal would be to look at
well-posedness and wave breaking criteria in the Cauchy problem for these equations. Since
controlling as many derivatives of u as possible will be helpful, this motivates undertaking a
search for additional conserved quantities, such as higher-derivative energies E[u] =
∫
Ω
m2x+
N(u, ux, m) dx. More generally, a classification of all local conservation laws of the form
T (u, ux, m,mx) would be of obvious interest.
Appendix: Euler operator equations
The computations to find admitted local conservation laws rely on the following result.
Lemma 5.1. (i) A function
k = h1(u, ux)m+ h2(u, ux)m
2 + h3(u, ux)m
3 (98)
satisfies Eˆu(k) = 0 iff
h1 = uxk1(u
2 − u2x) + k0
u
u2 − u2x
, h2 = h3 = 0 (99)
where k1 is an arbitrary function of u
2 − u2x, and k0 is an arbitrary constant.
(ii) Any function of the form (98)–(99) is a total x-derivative
k = Dx
(
1
2
K1(u
2 − u2x) + 12k0 ln
(u− ux
u+ ux
)
+ k0x
)
(100)
where K1 is a function of u
2 − u2x given by K ′1 = k1.
Proof of (i): The equation Eˆu(k) = 0 splits with respect to the variables m, mx, mxx,
which do not appear in k. This yields a linear system of determining equations for the
functions h1, h2, h3. After simplification, this system reduces to four equations:
h2 = 0, h3 = 0, (101)
2h1u + uh1uxux + uxh1uux = 0, (102)
u2xh1uu − u2h1uxux − 3uh1u + uxh1ux − h1 = 0. (103)
The latter two equations are equivalent to the linear system that arises from splitting the
equation Eˆu(h1m) = 0.
To solve equations (102) and (103), we first combine equation (103) with u times equation
(102), giving
(u(h1/ux)ux + h1u)u = 0. (104)
Similarly, we next combine this equation (104) times −ux/u with equation (103), which
yields
(u2x(u(h1/ux)ux + h1u))ux = 0. (105)
The resulting pair of equations (104)–(105) can be directly integrated with respect to u and
ux. This gives
u(h1/ux)ux + h1u = C/u
2
x, C = const. (106)
which is a first-order linear PDE for h1. The general solution is obtained by the method of
characteristics. This completes the proof of (i).
Proof of (ii): A direct evaluation of Dx
(
1
2
K1(u
2 − u2x) + 12 ln((u − ux)/(u + ux)) + k0x
)
yields
(
uxk1(u
2 − u2x) + k0u/(u2 − u2x)
)
m which is equal to k. This completes the proof of
(ii).
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